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Background: Investigation of the 140
62 Sm78 nucleus, situated in the area close to the magic N = 82 neutron shell,

o�ers the opportunity to �nd and study interesting phenomena resulting from the interplay of collective and other
degrees of freedom.

Purpose: Experimental identi�cation of low spin low energy levels, particularly 0+, in 140Sm and theoretical
interpretation within the collective General Bohr Hamiltonian (GBH) model.

Method: The γ−γ angular correlation technique for γ radiation after the β/EC-decay of 140Eu→140Sm and
140Gd→140Eu→140Sm was used to determine spins of excited states of 140Sm. The 140Gd and 140Eu nuclei were
produced in the 104Pd+40Ar reaction at the HIL UW cyclotron. In the theoretical part the full �ve dimensional
GBH model was applied in two variants: the simple phenomenological Warsaw model and the microscopic version
with six inertial functions and a potential calculated from mean-�eld theory.

Results: The spin and parity of six low spin (0, 1, 2) low lying excited levels of 140Sm were measured. Two new
states at around 2 MeV were identi�ed. A analysis of the consequences of possible admixtures on the determination
of the spin of a level was performed. The theoretical models applied successfully describe most of the spectrum
of 140Sm giving hints on the origin of the states observed in the experiment.

Conclusions: Signi�cant softness against non-axial deformation seems to be essential to interpret the properties
of 140Sm. Further experimental studies are needed to check if some low-energy excitations are not deformation-
driven.

I. INTRODUCTION

The notion of nuclear shape plays an important role in
understanding the properties of nuclei at low excitation
energy. It is particularly essential for even-even nuclei,
with the exception of very light ones. The shape of a nu-
cleus, while intuitively a clear concept, cannot be easily
accessed from experiment without some theoretical as-
sumptions, especially in the case of excited states. Here
one should mention the so-called `sum rules' method [1�
4] which on the one hand requires a detailed knowledge
of the E2 transitions but on the other hand gives syn-
thetic results on the charge distribution of the ground
and excited states in a model independent way. Theoret-
ical studies have a long history starting with the concept
of a deformable liquid drop or a (rotating) rigid body but
recently a more realistic view of the nuclear shape is to
consider a continuous mass/charge distribution instead of
a sharp surface. The distribution is usually presented in
the form of a multipole expansion, with the quadrupole
term as the leading one. Such an approach is employed

by all models using one-nucleon degrees of freedom, e.g.
models based on the mean �eld theory.

Modern experimental techniques allow not only for ex-
tending spectroscopic studies to nuclear regions far from
stability but can also provide very detailed information
on the properties of stable, or close to stability, isotopes,
especially on electromagnetic transitions. Often new rich
data pose a real challenge for theory. Let us mention
the case of the stable Cd isotopes where extensive stud-
ies [5] have led to a revision of the well-established view
of these nuclei as typical examples of spherical harmonic
vibrators. A similar situation can be seen in the 120Te
nucleus [6]. Another interesting question is whether some
of the low-energy levels in even-even nuclei can be related
not to deformation-driven dynamics but to phenomena of
a di�erent nature, e.g. whether they correspond to col-
lective excitations in the pairing sector of the mean-�eld
(the so-called pairing vibrations [7]) or to the so-called
pairing isomers [8, 9]. In such cases there would be an
important role for 0+ states and information about devi-
ations from the standard BCS picture obtained through

Korelacje kątowe γ−γ, ŚLCJ

***
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140Sm eksperyment, cd.
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Teoria

Wzbudzenia kolektywne związane ze zmianami (deformacją) rozkładu materii
Ï MF (średnie pole) → X → hamiltonian kolektwny

1. X=ATDHFB (Adiabatic Time Dependent HFB)
2. X=GCM+GOA (Generator Coordinate Method plus Gaussian Overlap Approximation)

Ï Alternatywne podejście — bez hamiltonianu kolektywnego, GCM.
Rzutowanie na stany własne operatorów liczby cząstek, momentu pędu, następnie
rozwiązywanie równania Hilla-Wheelera z odpowiednimi współrzędnymi generującymi (np.
β, γ). Możliwe dalsze rozszerzenia np SCCM (Symmetry Conserving Configuration Mixing).

J.L. Egido, Phys.Scr. 91, 073003 (2016);
L.M. Robledo, T.R. Rodriguez, R.R. Rodriguez-Guzman, J. Phys. G 46 (2019) 013001
(124pp)

Ï Różne nazwy w przypadku zmiennych kwadrupolowych:
general Bohr Hamiltonian (GBH)
five-dimensional collective Hamiltonian (5DCH)

beyond mean-field approach (BMF)

Ï Różne pola zastosowań
Ï Długa historia (także w Polsce — Warszawa, Lublin)
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Teoria, HFB

1. Hamiltonian „mikroskopowy"

Ĥmicr =
∑
µ,ν

Kµνd+
µdν+

1

4

∑
µ,ν,α,β

Ṽµναβd+
µd+

ν dβdα

2. Metoda wariacyjna. Stany iloczynowe jako funkcje próbne.

AµΨ= 0

A+
µ =∑

ν
Uνµd+

ν +∑
ν

Vνµdν = uµc+µ + s∗µvµ̄cµ̄

Stany typu BCS
ΨBCS =∏

µ>0(uµ+ sµvµ̄c+µ̄ c+µ ) |0〉
Macierz (operator) gęstości

R =
(

ρ κ

−κ∗ 1−ρ∗
)
=

(
〈Ψ|d+

ν dµ |Ψ〉 〈Ψ|dνdµ |Ψ〉
〈Ψ|d+

ν d+
µ |Ψ〉 〈Ψ|dνd+

µ |Ψ〉

)
Baza kanoniczna

ρµν = v2
µδµν κµν = sµ̄uµvµδµ̄ν

3. Wynik: stany jednocząstkowe w uśrednionym potencjale plus liczby obsadzeń.
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HFB, TDHFB, ATDHFB

1. HFB

[W (R),R] = 0

W (R) =
(
K+Γ−λI ∆

−∆∗ −K∗−Γ∗+λI

)

Γµν =
∑
µ
′ ,ν′

Ṽ
µµ

′
νν

′ρ
ν
′
µ
′ = ∂

∂ρµν
E[R]

∆µν =
1

2

∑
µ
′ ,ν′

Ṽ
µνµ

′
ν
′κ
µ
′
ν
′ = ∂

∂κµν
E[R]

2. Time dependent HFB

iħṘ = [W (R),R]

3. Przybliżenie adiabatyczne

b b b b b

b b b b b
b b b b b

b b b b b b b b b b

b b b b b

b bbc bc bc

b b b b b

b b b
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ATDHFB. Współrzędne kolektywne

Współrzędne kolektywne q. R(t) =R(q(t)), Ψ(t) =Ψ(q(t))

〈Ψ|Hmicr|Ψ〉 = Tcl+Vcl

Vcl = 〈Ψ0(q)|Hmicr|Ψ0(q)〉

Tcl =
1

2

∑
k,j

Bkj(q)q̇k q̇j

Prametry masowe (funkcje inercyjne) Bkj(q)

Przybliżenie „cranking” (*)

Bkj =
ħ2

2

∑
µ,ν

fj,µνf ∗k,µν+ f ∗j,µνfk,µν

(Eµ+Eν)
.

fk,µν = 〈Ψ0|AνAµ|∂kΨ0〉

(
0 fk

−f ∗k 0

)
=

(
∂R0

∂qk

)
qp basis
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Zmienne kwadrupolowe

αµ ∼ 〈
Ψ|Q2µ|Ψ

〉
, Q2µ ∼∑

i r2
i Y2µ(θi,φi), µ=−2, ...,2

Układ wewnętrzny (α2 =α−2,α±1 = 0). αµ→ (β,γ,Ω)

βcosγ= cq0 = c〈Ψ|Q0|Ψ〉 = c〈Ψ|∑A
i=1(3z2

i − r2
i )|Ψ〉

βsinγ= cq2 = c〈Ψ|Q2|Ψ〉 = c〈Ψ|∑A
i=1

p
3(x2

i −y2
i )|Ψ〉

c =
p

5π/5/3AR2
0 R0 = r0A1/3, r0 = 1.2 fm

Skąd Ψ(β,γ)?

δ〈Ψ|Hmicr −λ0Q0 −λ2Q2|Ψ〉 = 0, 〈Ψ|Q0|Ψ〉 = q0, 〈Ψ|Q2|Ψ〉 = q2

Typowe obliczenia: ok. 150–200 punktów w obszarze 0 ≤β≤βmax, 0 ≤ γ≤ 60◦.
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Parametry masowe

Ï Przybliżenie BCS

Bqiqj
= (S−1

(1)S(3)S−1
(1))ij, (S(n))ij =

∑
α,β

〈α|Qi|β̄〉〈β̄|Qj|α〉
(Eα+Eβ)n (uαvβ+uβvα)2

Ik = ∑
µ,ν

|〈ν|Jk|µ̄〉|2(uµvν−uνvµ)2

(Eµ+Eν)

Ï Bqiqj
→ Bββ,Bβγ,Bγγ

Ï B(β,γ), Ik(β,γ)

Ï „Uśrednienie” własności jednocząstkowych (*)
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Hamiltonian Bohra (GBH)

Uogólniony Hamiltonian Bohra (GBH, 5CDH)

HBohr = Tvib +Trot +V

Tvib =− 1

2
p

wr

{
1

β
4

[
∂β

(
β

4
√

r

w
Bγγ

)
∂β−∂β

(
β

3
√

r

w
Bβγ

)
∂γ

]
+

+ 1

βsin3γ

[
−∂γ

(√ r

w
sin3γBβγ

)
∂β+

1

β
∂γ

(√ r

w
sin3γBββ

)
∂γ

]}

Trot =
1

2

3∑
k=1

L2
k(Ω)/Ik; Ik = 4Bk(β,γ)β2 sin2(γ−2πk/3)

w = BββBγγ−B2
βγ; r = BxByBz

Poziomy energetyczne, B(E2), ...

Brak swobodnych parametrów (*)
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Fenomenologia

Ï Stały parametr masowy, Bββ = Bγγ = Bk = B, Bβγ = 0

Ï Różne potencjały V (β,γ)

Ï SKE (Simple Kinetic Energy)

Tvib =− 1

2B

(
1

β
4
∂ββ

4
∂β+

1

β
2 sinγ

∂γ sinγ∂γ

)

Ï Obszerna literatura
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Zastosowania

Średnie pole
Ï Oddziaływania Skyrme’a i funkcjonały gęstości
Ï Oddziaływania Gogny
Ï Relatywistyczne Średnie Pole (RMF)

Pairing (*)
Ï Stałe G (seniority force) G

∑
k d+

k d+
k̄

dkd
k̄

Ï oddziaływanie typu δ (pairing zależny od konfiguracji):
V0δ(r − r′),
V0(ρ(r))δ(r − r′), np. V0(ρ) = 1−ρ(r)/ρ0

Ï Gauss à la Gogny

Ï Tylko pairing p-p i n-n
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Przykład 114−144Xe. Selected energy levels
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114−144Xe. Prawdopodobieństwa przejść E2
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Porównanie z wynikami dla SLy4
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140Sm, wyniki etap 1
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TABLE II. Results of the angular correlation of γ rays in coincidence with the 2+
1 → 0+

1 ; 531.0 keV γ transition. Initial level
and γ-transition energies (Elevel, Eγ), the angular correlation coe�cients (A22, A44), log ft-values, spin/parity of the initial
levels, and multipolarities are given. In the last column spin values known from previous work are quoted.

Elevel
a Eγ

b A22 A44 log ft Iπi
c Mult. Iπi previous work

1599.1 1068.0 0.37±0.11 1.30±0.16 5.3 0+ E2 0(+) [12]
1628.65 1097.7 0.25±0.17 1.12±0.25 6.3 0 E2 or M2 (0+) [19, 20]

1951.6 1420.3 0.33±0.16 0.02±0.22 5.8 1(+), 2(+) (M1 + E2)

2022.3 1491.3 0.49±0.15 0.92±0.22 5.9 0(+) (E2)
2284.14 1752.8 −0.09±0.12 −0.06±0.15 5.5 1+, 2+ M1 + E2 (2+) [19, 20]
2595.9 2064.9 0.34±0.12 1.16±0.20 5.5 0+ E2 (0+) [20]

a Level energies taken from Refs. [19, 20] except energies of the new levels.
b Energies of the γ transitions taken from Refs. [19, 20].
c In the case of log ft about 5.9 parities are tentative. For nuclei at, or very near, closed shells the limit for allowed transitions can be
smaller than 5.9 [24].

TABLE III. Experimental [11] and theoretical (see Sec-
tion III) E2 transition probabilities in 140Sm together with
the spectroscopic quadrupole moment for the 2+

1 state.

B(E2) [e2b2]
Transition Exp [11] Th phen Th micro

2+
1 → 0+

g.s. 0.23±0.02 0.238 0.221
4+

1 → 2+
1 0.30±0.02 0.403 0.362

2+
2 → 2+

1 0.35±0.05 0.403 0.335
2+

2 → 0+
g.s. <0.001 0.0003 0.0003

Qs [eb]
2+

1 −0.06+0.41
−0.15 -0.035 -0.26

TABLE IV. Experimental estimation of ratios
B(E2, 0+(Ex) → 2+

1 )/B(E2, 0+(Ex) → 2+
2 ) for the four

lowest excited 0+ levels (this work).

Level B(E2, 0+(Ex)→2+
1 )/B(E2, 0+(Ex)→2+

2 )
0+(1599) 0.5±0.1
0+(1629) >1.4
0+(2022) >3
0+(2596) >10

and where

w = BββBγγ −B2
βγ , r = B1B2B3. (7)

In equation (6) the operators Îk, k = 1, 2, 3 are the com-
ponents of the angular momentum in the intrinsic frame.
The functions Bββ , Bβγ , Bγγ , Bk depend on the defor-
mation variables and are called the mass parameters or,
more precisely, the inertial functions, while the Jk are
the moments of inertia.

Often one considers speci�c simpler cases of the Hamil-
tonian. The best known case, which can be called `the
simplest kinetic energy' (SKE) version, appears when all
inertial functions are in fact constants and, moreover, ful-
�ll the conditions B = Bββ = Bγγ = Bk, k = 1, 2, 3 and

Bβγ = 0. Now, the Tvib takes on the form

Tvib = − 1

2B

(
1

β4
∂ββ

4∂β +
1

β2 sin 3γ
∂γ sin 3γ∂γ

)
(8)

In order to determine fully the Hamiltonian one needs
one mass parameter B and the potential energy V (β, γ),
which is typically postulated as an analytic function with
some free parameters. In most cases B and the pa-
rameters of the potential are somehow �tted to excited
levels. A vast literature exists on this subject, see re-
views [16, 25, 26] and references within. Such an ap-
proach we will call a phenomenological one.
Another approach consists of calculating the inertial

functions and potential energy from more fundamental,
microscopic mean-�eld theory by applying the Adiabatic
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Brak odpowiedzi
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TABLE V. Comparison of experimental and theoretical
B(E2; Ii → If ) [e2b2] values and spectroscopic quadrupole mo-
ments, Qs[eb] for 140Sm.

Ii If Expt. D1S SM IBA

2+
1 0+

1 0.23(2) 0.208 0.218 0.219

4+
1 2+

1 0.30(2) 0.338 0.314 0.326

6+
1 4+

1 0.455 0.379

2+
2 2+

1 0.35(5) 0.330 0.310 0.334

2+
2 0+

1 <0.001 2×10−5 1.9×10−4 2×10−4

3+
1 2+

1 2×10−5 2.3×10−4 1×10−4

3+
1 2+

2 0.396 0.362 0.277

0+
2 2+

1 0.138 0.008 0.126

0+
2 2+

2 2.6×10−3 0.241 0.114

Qs[eb]

2+
1 2+

1 −0.06+0.41
−0.15 −0.12 −0.106 −0.140

2+
2 2+

2 0.11 0.113 0.043

ratio E(4+
1 )/E(2+

1 ) = 2.35 is typical for a transitional nucleus
between spherical and deformed shape. The fact that 140Sm
has a very low-lying 2+

2 state supports the notion of triaxiality.
Indeed, earlier investigations of the level structure of 140Sm

have found that triaxial rotor calculations with moment of
inertia parameters obtained from Woods-Saxon calculations
could reproduce the excitation spectrum reasonably well [12].
As a first approach, it seems therefore natural to interpret
the electromagnetic matrix elements within the simple triaxial
rotor model, although its applicability for a weakly deformed
even-even nucleus is not evident.

In the geometric model of Davydov and Filippov [37],
the excitation energy of the 2+

2 state is very sensitive to
the degree of γ deformation. The lowest energy is found
for maximum triaxiality of γ = 30◦, where the 2+

2 state
is at twice the energy of the 2+

1 state. Experimentally, the
energy of the 2+

2 state in 140Sm is found to be even lower
with E(2+

2 )/E(2+
1 ) = 1.86 [14], which suggests that γ = 30◦

should be used for the triaxial rotor model. For maximum
triaxiality, the spectroscopic quadrupole moment Qs(2

+
1 )

should be zero, consistent with the present experimental
result. Furthermore, the relative E2 strength of the 2+

2 → 2+
1

transition is expected to be B(E2; 2+
2 → 2+

1 )/B(E2; 2+
1 →

0+
1 ) = 10/7 = 1.43, in good agreement with the experimental

value of 1.52(25). This transition should only have a very
small M1 component, which is again consistent with the
present result and the M1/E2 mixing ratio extracted from
the angular correlation measurement [14]. The 2+

2 → 0+
1

transition is strictly forbidden in the triaxial rotor model for
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Pairing — potraktowanie kolektywne

. .
.

.

.

.

Zmienne kolektywne dla pairingu
1. ∆, φ ∏

µ>0(uµ(∆)+ sµvµ̄(∆)e2iφc+µ̄ c+µ |Φ〉

2. Bardziej ogólnie, np. dla ddziaływania δ: α, φ

α=∑
µ>0 uµvµ = 〈P〉; P = 1

2 (
∑
µ>0 e−2iφsµ̄c+µ c+µ̄ +hc)
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Hamiltonian kolektywny dla pairingu

128Xe, SLy4, δ pairing, β= 0.2, γ= 18◦

Potencjał, rozkład prawdopodobieństwa

.
.
.

.

.

.

|f |2√det g

Wpływ na parametry masowe (przykład: moment bezwładności)
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Zmienne kwadrupolowe i „pairingowe”

9 zmiennych, efektywnie 7: β, γ, Ω, ∆p, ∆n
Macierz parametrów masowych:

B =
 (Brot) 0 0

0 (Bvib) 0
0 0 (Brotpair)

 ,

Bvib =


Bββ Bβγ Bβ∆p

Bβ∆n
Bγβ Bγγ Bγ∆p

Bγ∆n
B∆pβ

B∆pγ
B∆p∆p

B∆p∆n
B∆nβ

B∆nγ
B∆n∆p

B∆n∆n


Pierwsze przybliżenie

〈1/Jk(β,γ)〉av =
∫

1/Jk(β,γ,∆n,∆p)|f0,p|2|f0,n|2
√

gp
√

gnd∆pd∆n
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Uwagi końcowe

Ï Metoda MF-ATDHFB-GBH dobrze opisuje kwadrupolowe wzbudzenia kolektywne
w szerokim zakresie jąder atomowych

Ï Wyzwania
Ï Analiza wpływu przybliżeń, wyboru modeli średniego pola, ..., na wyniki
Ï Czy potrzebne są inne (dodatkowe) współrzędne, np. „pairingowe”
Ï Jak opisać zjawiska, w których wyraźnie widać wpływ jednocząstkowych

stopni swobody
Ï Stany 0+ — interesujący poligon dla teorii
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Model hydrodynamiczny

P. Ring & P. Schuck, Nuclear Many-Body Problem, 1980, p. 16.
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Stany jednocząstkowe w 140Sm
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More details on 128Xe. Energy levels

Poziomy o dodatniej parzystości w 128Xe

1

2

E[MeV]

00.0

20.443

41.033

61.737

20.969

31.429
41.603 01.583

22.127

Exp

128Xe

00.0
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31.845
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128Xe. E2 transition probabilities

Ji Jf Exp 1 Exp 2 Exp 3 Th, UNEDF0

21 01 47 (5) 42.6 (64) 40.2 (21) 31.8
22 21 49 (5) 50.1 (97) 48 (5) 41.6
22 01 0.63 (5) 0.65 (8) 0.64 (6) 0.35
41 21 60 (6) 63.5 (52) 59 (5) 57.0
31 41 31.8 (59) 17.9
31 22 91 (16) 53.2
31 21 1.45 (26) 0.75
02 22 52.8 (76) 4.6
02 21 3.69 (58) 39.4
42 41 30 (3) 30.2 (32) 26.4
42 22 31 (5) 29.6 (29) 36.6
42 21 0.52 (4) 0.52 (6) 0.01
61 41 79 (7) 106 (13) 78 (7) 77.4
03 22 22.2 (46) 12.3
03 21 10.4 (23) 0.04
23 21 0.035(54) 0.3
81 61 97 (10) 96.0

101 81 110 (31) 114.0
62 42 97 (10) 62.7
62 61 8 (5) 21.9
62 41 3 (1) 0.02
41 22 4 (1) 0.1



140Sm. Funkcje kolektywne
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