
❙❤❛♣❡ ✐s♦♠❡rs ❛♥❞ ♣♦ss✐❜❧❡ s❤❛♣❡✲❝♦❡①✐st❡♥❝❡s ✐♥

Pt✱ ❍❣ ❛♥❞ P❜ ✐s♦t♦♣❡s ✇✐t❤ ◆ ≤ ✶✷✻

❑r③②s③t♦❢ P♦♠♦rs❦✐✱ ❯♥✐✇❡rs②t❡t ▼❈❙✱ ▲✉❜❧✐♥

▼✐☛❡❞③②❣ór③❡✱ ▼❛② ✷✽th✱ ✷✵✷✵



▼② ✜rst ❚❤✉rs❞❛② s❡♠✐♥❛r ❛t ❍♦➺❛ ∗

∗ ❲❛rs③❛✇❛✱ ❖❝t♦❜❡r ✸✶st✱ ✶✾✻✽✳



❘❡s✉❧ts ♣r❡s❡♥t❡❞ ❤❡r❡ ✇❡r❡ ♦❜t❛✐♥❡❞ ✐♥ ❝♦❧❧❛❜♦r❛t✐♦♥ ✇✐t❤✿

• ❏♦❤❛♥♥ ❇❛rt❡❧✱ ■P❍❈ ✫ ❯❞❙✱ ❙tr❛s❜♦✉r❣✱ ❋r❛♥❝❡✱

• ❆rt✉r ❉♦❜r♦✇♦❧s❦✐✱ ❯▼❈❙✱ ▲✉❜❧✐♥✱

• ❍❡r✈❡ ▼♦❧✐q✉❡✱ ■P❍❈ ✫ ❯❞❙✱ ❙tr❛s❜♦✉r❣✱ ❋r❛♥❝❡✱

• ❇♦➺❡♥❛ ◆❡r❧♦✲P♦♠♦rs❦❛✱ ❯▼❈❙✱ ▲✉❜❧✐♥✱

• ❈♦st❡❧ ▼✳ P❡tr❛❝❤❡✱ ❈❙◆❙▼✱ ❈◆❘❙✲■◆✷P✸✱ ❖rs❛②✱ ❋r❛♥❝❡

• ❈❤r✐st❡❧❧❡ ❙❝❤♠✐tt✱ ■P❍❈ ✫ ❯❞❙✱ ❙tr❛s❜♦✉r❣✱ ❋r❛♥❝❡✱

❛♥❞ ❤❛s ❜❡❡♥ ♣✉❜❧✐s❤❡❞ ✐♥✿

✕ ❑✳P✳✱ ❇✳◆✳P✳✱ ❆✳ ❉♦❜r♦✇♦❧s❦✐✱ ❏✳ ❇❛rt❡❧✱ ❈✳ ▼✳ P❡tr❛❝❤❡✱ ❊P❏❆ ✺✻✱ ✶✵✼✱ ✭✷✵✷✵✮✱

✕ ❑✳P✳✱ ❇✳◆✳P✱ ❏✳ ❇❛rt❡❧✱ ❍✳ ▼♦❧✐q✉❡✱ ❇✉❧❣✳ ❏✳ ♦❢ P❤②s✐❝s✱ ✹✻✱ ✷✻✾ ✭✷✵✶✾✮✳

✕ ❑✳P✳✱ ❇✳◆✳P✳✱ ❏✳ ❇❛rt❡❧✱ ❈✳ ❙❝❤♠✐tt✱ ❊P❏❆ ✺✸✱ ✺✾ ✭✷✵✶✼✮✳

✕ ❈✳ ❙❝❤♠✐tt✱ ❑✳P✳✱ ❇✳◆✳P✳✱ ❏✳ ❇❛rt❡❧✱ P❤②s✳ ❘❡✈✳ ❈ ✾✺✱ ✵✸✹✻✶✷ ✭✷✵✶✼✮✳



Pr♦❣r❛♠ ♦❢ ♠② ♣r❡s❡♥t❛t✐♦♥✿

• ❙❤♦rt ❞❡s❝r✐♣t✐♦♥ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✱

• ❋♦✉r✐❡r ❡①♣❛♥s✐♦♥ ♦❢ ♥✉❝❧❡❛r s❤❛♣❡s✱

• ◆❡✇ ❞❡s❝r✐♣t✐♦♥ ♦❢ ♥♦♥✲❛①✐❛❧ s❤❛♣❡s ♦❢ ❞❡❢♦r♠❡❞ ♥✉❝❧❡✐✱

• ❚❡st ♦❢ ❝♦♥✈❡r❣❡♥❝❡ ♦❢ t❤❡ ❋♦✉r✐❡r ❡①♣❛♥s✐♦♥✱

• P♦t❡♥t✐❛❧ ❡♥❡r❣② s✉r❢❛❝❡s ♦❢ 166−204Pt ✐s♦t♦♣❡s✱

• P♦t❡♥t✐❛❧ ❡♥❡r❣② s✉r❢❛❝❡s ♦❢ 172−212❍❣ ✐s♦t♦♣❡s✱

• P♦t❡♥t✐❛❧ ❡♥❡r❣② s✉r❢❛❝❡s ♦❢ 174−220P❜ ✐s♦t♦♣❡s✱

• ◗✉❛❞r✉♣♦❧❡ ♠♦♠❡♥ts ❛♥❞ ♠♦♠❡♥ts ♦❢ ✐♥❡rt✐❛ ✐♥ t❤❡ ❣✳s✳ ❛♥❞ ❙❉ ♠✐♥✐♠❛✱

• ❙✉♠♠❛r② ❛♥❞ ❝♦♥❝❧✉s✐♦♥s✳



❚❤❡♦r❡t✐❝❛❧ ♠♦❞❡❧✿

• ▼❛❝r♦s❝♦♣✐❝✲♠✐❝r♦s❝♦♣✐❝ ❛♣♣r♦①✐♠❛t✐♦♥ ♦❢ ♥✉❝❧❡❛r ❡♥❡r❣②✱

• ▲✉❜❧✐♥✲❙tr❛s❜♦✉r❣✲❉r♦♣ ❬❑✳P✳✱ ❏✳ ❉✉❞❡❦✱ P❘❈ ✻✼✱ ✵✹✹✸✶✻ ✭✷✵✵✸✮❪✱

• ❨✉❦❛✇❛✲❢♦❧❞❡❞ s✐♥❣❧❡✲♣❛rt✐❝❧❡ ♣♦t❡♥t✐❛❧ ❬❑✳❚✳❘✳ ❉❛✈✐❡s✱ ❏✳❘✳ ◆✐①✱ P❘❈ ✶✹✱ ✶✾✼✼ ✭✶✾✼✻✮❪✱

• ❙tr✉t✐♥s❦② s❤❡❧❧✲❝♦rr❡❝t✐♦♥ ♠❡t❤♦❞ ✇✐t❤ t❤❡ ✻th ♦r❞❡r ❝♦rr✳ ♣♦❧②♥♦♠✐❛❧✱

• ❇❈❙ t❤❡♦r②✱ ♠♦♥♦♣♦❧❡ ♣❛✐r✐♥❣✱ ❛♣♣r♦①✐♠❛t❡ ♣❛rt✐❝❧❡ ♥✉♠❜❡r ♣r♦❥❡❝t✐♦♥✱

• ❋♦✉r✐❡r ♣❛r❛♠❡tr✐s❛t✐♦♥ ♦❢ ♥✉❝❧❡❛r s❤❛♣❡s ❬❑✳P✳ ❡t ❛❧✳ ❆PP❇ ❙✉♣✳ ✽✱ ✻✻✼ ✭✷✵✶✺✮❪✱

• ❈♦♥s✐❞❡r❡❞ s❤❛♣❡s✿ ♥♦♥✲❛①✐❛❧✱ q✉❛❞r✉♣♦❧❡✱ ♦❝t✉♣♦❧❡✱ ❤❡①❛❞❡❝❛♣♦❧❡✱ ❛♥❞ ❤✐❣❤❡r✱

• ▼♦♠❡♥t ♦❢ ✐♥❡rt✐❛ ❡✈❛❧✉❛t❡❞ ✇✐t❤✐♥ t❤❡ ❝r❛♥❦✐♥❣ ♠♦❞❡❧✱

• ❈❛❧❝✉❧❛t✐♦♥s ❛r❡ ♣r❡❢♦r♠❡❞ ❢♦r ✺✹ ❡✈❡♥✲❡✈❡♥ ✐s♦t♦♣❡s ♦❢ Pt✱ ❍❣ ❛♥❞ P❜✳

❆❧❧ ♣❛r❛♠❡t❡rs ♦❢ t❤❡ ❝❛❧❝✉❧❛t✐♦♥ ❛r❡ st❛♥❞❛r❞ ❛♥❞ ✜①❡❞ ②❡❛rs ❛❣♦✳



◆✉❝❧❡❛r ❡♥❡r❣② ❢✉♥❝t✐♦♥❛❧ ❛♥❞ t❤❡ ❧✐q✉✐❞ ❞r♦♣ ♠♦❞❡❧

❚❤❡ ♦♥❡✲❜♦❞② ❞❡♥s✐t② ♦❢ ♥✉❝❧❡✉s ❛♥❞ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ❡♥❡r❣②✲❞❡♥s✐t② ❛r❡✿

ρ = A

∫ ∫

. . .

∫

Ψ⋆Ψ dτ2 · · · dτA ,

η =

∫ ∫

. . .

∫

Ψ⋆ĤΨ dτ2 · · · dτA .
r

η

bvol ρ(r) η(r)

η(r) - bvol ρ(r)

R

❚❤❡ t♦t❛❧ ❡♥❡r❣② ✭B✮ ♦❢ ♥✉❝❧❡✉s ❝❛♥ ❜❡ ❞❡❝♦♠♣♦s❡❞ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ ✇❛②✿

B =

∫

V

η d 3r = bvolA +

∫

ΣR

dσ

∞
∫

0

(η − bvol ρ) dr⊥

= bvol

∫

V

d3r + γ(0)
∫

ΣR

dσ + γ ′
κa

∫

ΣR

κdσ +
1

2
γ ′′
κκa

2
∫

ΣR

κ2dσ + γ ′
Γa

2
∫

ΣR

Γdσ + . .

= bvolA + bsurfA
2/3 + bcurvA

1/3 + bcurGA0 + . . . −→ LSD .

❍❡r❡ κ ❛♥❞ Γ ❛r❡ t❤❡ ✜rst ♦r❞❡r ❛♥❞ t❤❡ s❡❝♦♥❞ ♦r❞❡r ✭●❛✉ss✮ ❝✉r✈❛t✉r❡s r❡s♣❡❝✲

t✐✈❡❧②✿
κ =

1

R1
+

1

R2
and Γ =

1

R1 · R2
,

✇❤❡r❡ R1 ❛♥❞ R2 ❛r❡ t❤❡ ❧♦❝❛❧ ♠❛✐♥ r❛❞✐✐ ♦❢ t❤❡ s✉r❢❛❝❡✳



✳
❋♦✉r✐❡r ❡①♣❛♥s✐♦♥ ♦❢ ♥✉❝❧❡❛r s❤❛♣❡s ∗

❚❤❡ s❤❛♣❡ ♦❢ ♥✉❝❧❡✉s ✐♥ t❤❡ ❝②❧✐♥❞r✐❝❛❧ ❝♦♦r❞✐♥❛t❡s ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s✿

ρ2s(z)

R2
0

=
∞
∑

n=1

[

a2n cos

(

(2n − 1)π

2

z − zsh

z0

)

+ a2n+1 sin

(

2nπ

2

z − zsh

z0

)]

,

❍❡r❡ R0 ✐s r❛❞✐✉s ♦❢ s♣❤❡r✐❝❛❧ ♥✉❝❧❡✉s ❛♥❞ 2z0 ✐s ❧❡♥❣t❤ ♦❢ ❞❡❢♦r♠❡❞ ♥✉❝❧❡✉s✳

z

ρ

zsh

zneck-z0+zsh z0+zshzl zr

R12 = zr - zl

ϕ

x

y

ρ

a

b

❖♣t✐♠❛❧ ❝♦♦r❞✐♥❛t❡s✿










































q2 = a
(0)
2 /a2 − a2/a

(0)
2 ,

q3 = a3 ,

q4 = a4 +

√

(q2/9)
2 + (a

(0)
4 )2 ,

q5 = a5 − (q2 − 2)a3/10 ,

q6 = a6 −

√

(q2/100)
2 + (a

(0)
6 )2 .

a
(0)
2n = (−1)n−1 32

π3 (2n−1)3
✲ ❡①♣❛♥s✐♦♥

❝♦❡✣❝✐❡♥ts ♦❢ ❛ s♣❤❡r❡✳

◆♦♥✲❛①✐❛❧ s❤❛♣❡s✿

η = (b − a)/(a + b)

ρ2
s(z) = a(z)b(z)

∗❑✳ P♦♠♦rs❦✐✱ ❇✳ ◆❡r❧♦✲P♦♠♦rs❦❛✱ ❏✳ ❇❛rt❡❧✱ ❛♥❞ ❈✳ ❙❝❤♠✐tt ❆❝t❛ P❤②s✳ P♦❧✳ ❇ ❙✉♣❧✳ ✽ ✭✷✵✶✺✮ ✻✻✼✱
❈✳ ❙❝❤♠✐tt✱ ❑✳ P♦♠♦rs❦✐✱ ❇✳ ◆❡r❧♦✲P♦♠♦rs❦❛✱ ❛♥❞ ❏✳ ❇❛rt❡❧✱ P❤②s✳ ❘❡✈✳ ❈ ✾✺ ✭✷✵✶✼✮ ✵✸✹✻✶✷✳



P♦t❡♥t✐❛❧ ❡♥❡r❣② s✉r❢❛❝❡ ♦❢ 228❘❛ ♦♥ t❤❡ ✭q2, q3✮ ♣❧❛♥❡
∗

c

a

d e

h

a gedb

b c i j

gf

h

f

i j

❍❡r❡✿ q2 ✕ ❡❧♦♥❣❛t✐♦♥ ❀ q3 ✕ ❧❡❢t✲r✐❣❤t ❛s②♠♠❡tr②

∗❈✳ ❙❝❤♠✐tt✱ ❑✳ P♦♠♦rs❦✐✱ ❇✳ ◆❡r❧♦✲P♦♠♦rs❦❛✱ ❛♥❞ ❏✳ ❇❛rt❡❧✱ P❤②s✳ ❘❡✈✳ ❈ ✾✺ ✭✷✵✶✼✮ ✵✸✹✻✶✷✳



P♦t❡♥t✐❛❧ ❡♥❡r❣② s✉r❢❛❝❡ ♦❢ 182❍❣ ♦♥ t❤❡ ✭q2, q4✮ ♣❧❛♥❡



P♦t❡♥t✐❛❧ ❡♥❡r❣② s✉r❢❛❝❡ ♦❢ 182❍❣ ♦♥ t❤❡ ✭q2, q3✮ ♣❧❛♥❡



❘❡❧❛t✐♦♥ ❜❡t✇❡❡♥ (q2, η) ❛♥❞ (β, γ) ❢♦r s♣❤❡r♦✐❞
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❍❡r❡ η = (b − a)/(a + b) ❛♥❞ q2 ≈ (c/R0 − R0/c)✱ ✇❤❡r❡ a · b · c = R3
0 ✳



P♦t❡♥t✐❛❧ ❡♥❡r❣② s✉r❢❛❝❡ ♦❢ 182❍❣ ♦♥ t❤❡ ✭q2, η✮ ♣❧❛♥❡



❘♦❧❡ ♦❢ ❤✐❣❤❡r ♦r❞❡r ❞❡❢♦r♠❛t✐♦♥s
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❙✐♠✐❧❛r ❡✛❡❝t ✐s ❛❧s♦ ♦❜s❡r✈❡❞ ✐♥ ♦t❤❡r ✐s♦t♦♣❡s✳



❘♦❧❡ ♦❢ ❤✐❣❤❡r ♦r❞❡r ❞❡❢♦r♠❛t✐♦♥s
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P♦t❡♥t✐❛❧ ❡♥❡r❣② s✉r❢❛❝❡ ♦❢ 166−204Pt ✐s♦t♦♣❡s ♦♥ t❤❡ ✭q2, q4✮ ♣❧❛♥❡✱ ✇❤❡♥ q3 = 0 ❛♥❞ η = 0✳
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P♦t❡♥t✐❛❧ ❡♥❡r❣② s✉r❢❛❝❡ ♦❢ 174−212❍❣ ✐s♦t♦♣❡s ♦♥ t❤❡ ✭q2, η✮ ♣❧❛♥❡ ❢♦r q3 = 0 ❛♥❞ q4(min)✳
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P♦t❡♥t✐❛❧ ❡♥❡r❣② s✉r❢❛❝❡ ♦❢ 180−218P❜ ✐s♦t♦♣❡s ♦♥ t❤❡ ✭q2, η✮ ♣❧❛♥❡ ❢♦r q3 = 0 ❛♥❞ q4(min)✳



P♦t❡♥t✐❛❧ ❡♥❡r❣② ♦❢ P❜ ✐s♦t♦♣❡s ♠✐♥✐♠✐③❡❞ ✇✐t❤ r❡s♣❡❝t ♦❢ (q3, q4) ❛s ❢✉♥❝t✐♦♥ ♦❢ q2
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❙✉♠♠❛r② ❛♥❞ ❝♦♥❝❧✉s✐♦♥s✿

• ◆❡✇✱ r❛♣✐❞❧② ❝♦♥✈❡r❣❡♥t ❋♦✉r✐❡r ❡①♣❛♥s✐♦♥ ♦❢ ♥✉❝❧❡❛r s❤❛♣❡ ✐s ✉s❡❞✱

• ❆♥ ❡✛❡❝t✐✈❡ s✐① ❞✐♠❡♥s✐♦♥❛❧ s❡t ♦❢ t❤❡ ❋♦✉r✐❡r ❞❡❢♦r♠❛t✐♦♥ ♣❛r❛♠❡t❡rs ✇❛s

✉s❡❞ t♦ ❞❡s❝r✐❜❡ t❤❡ ♥✉❝❧❡❛r ♣♦t❡♥t✐❛❧ s✉r❢❛❝❡s✱

• ❚❤❡ r♦❧❡ ♦❢ ❤✐❣❤❡r ♠✉❧t✐♣♦❧❛r✐t② ❞❡❢♦r♠❛t✐♦♥s q5 ❛♥❞ q6 ✐s s❤♦✇♥ t♦ ❜❡ ✐♥
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• ❚❤❡ ♠❛❝✲♠✐❝ ♠♦❞❡❧ ✇✐t❤ t❤❡ ▲❙❉ ♠❛❝r♦s❝♦♣✐❝ ❡♥❡r❣② r❡♣r♦❞✉❝❡s q✉✐t❡ ♣r❡✲

❝✐s❡❧② t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❞❡❢♦r♠❛t✐♦♥s ♦❢ ❛❧❧ ✐♥✈❡st✐❣❛t❡❞ ♥✉❝❧❡✐✳

• ❙❡✈❡r❛❧ s❤❛♣❡ ✐s♦♠❡rs ❛r❡ ♣r❡❞✐❝t❡❞ ✐♥ Pt✱ ❍❣✱ ❛♥❞ P❜ ♥✉❝❧❡✐✳



❚❤❛♥❦ ②♦✉ ❢♦r ②♦✉r ❛tt❡♥t✐♦♥

❛♥❞ ✇❡❧❝♦♠❡ t♦ ▼✐☛❡❞③②❣ór③❡✦



❖♥❡ ♦❢ ❤✐st♦r✐❝❛❧ ❤♦t❡❧s ✐♥ ▼✐☛❡❞③②❣ór③❡✳



P♦t❡♥t✐❛❧ ❡♥❡r❣② s✉r❢❛❝❡ ♦❢ 174−212❍❣ ✐s♦t♦♣❡s ♦♥ t❤❡ ✭q2, q3✮ ♣❧❛♥❡ ❢♦r η = 0 ❛♥❞ q4(min)✳



P♦t❡♥t✐❛❧ ❡♥❡r❣② s✉r❢❛❝❡ ♦❢ 182−220P❜ ✐s♦t♦♣❡s ♦♥ t❤❡ ✭q2, q3✮ ♣❧❛♥❡ ❢♦r η = 0 ❛♥❞ q4(min)✳


